1. INTRODUCTION

The following is a basic introduction to modern optimality proofs of adaptive mesh re-
finement algorithms. The material is a simplified version of [CFPP14]. For recent devel-
opments in the field concerning non-symmetric, indefinite, and time-dependent problems,
see [Feil9, Fei22].

2. ABSTRACT ANALYSIS

2.1. Mesh refinement. Throughout this section, we assume that we have a fixed mesh-
refinement strategy, e.g., newest-vertex bisection. Then, given an initial mesh 7y, this
allows to consider the set of possible meshes

T := {7 is a refinement of Ty}.

With |7, we denote the number of elements of 7. Note that T is an infinite but still
countable set, since

T=U{TeT:|T|<n}

neN

is the countable union of finite sets.

Example 1. In one dimension, we consider To = {[0,1]}. If we choose bisection as a
refinement strategy (10, 1] — {[0,1/2],[1/2,1]}), the set of all possible meshes T consists
of all meshes T with elements T = [ar, br] € T which have endpoints of the form ar, by €

{jz—k ckeN,je {o,...,zk}},.

Assumption 1. We make the following assumptions on our refinement rule:
e For all refinements T € T of T € T holds

TATI<IT1 =T, (1a)

i.e. each refined element is refined into at least two sons. Moreover T = refine(T, M)

for some M C T, there holds
|7\_/| S CSOHS|T|7 (1b)

i.e. each refined element is split into at most Cyons > 0 elements.
e For given meshes T,T' € T exists a common refinement T ® T' € T such that
the so-called overlay estimate holds

TeT|<ITI+I[T'| = |Tol- (2)

e Fach sequence Ty € T of meshes generated by successive mesh-refinement, i.e. T; =
refine(Tj_1, M;_1) for all j = 1,...,¢ and arbitrary M; C T;, j =0,...,0 —1,

satisfies

-1

76l = [To| < Conesn S [My|  for all £ € N. (3)
k=0

This means that, up to a multiplicative constant, only the marked elements are
refined and the “mesh closure” is negligible. (Note that e.g. newest-vertex bisection
avoids hanging nodes by additional bisections, i.e. one refines more elements than

only the marked elements)
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Remark. The overlay estimate (2) has first been observed for newest-vertex bisection
by [Ste07] in 2D and was generalized to RY by [CKNS08]. The mesh-closure estimate (3)
has first been observed by [BDDO4] in 2D and was generalized by [Ste08] to RY. Both
works require an assumption on To which is removed for 2D in [KPP12]. U

Example 2. An estimate of the type |To| —|To—1| < C|My_1| with (-independent constant
C > 0 cannot be expected.

Example in 1D: Here, the analogue to avoiding hanging nodes is that the quotient
of the diameter of neighbouring elements stays bounded, e.qg. by factor two

max {diam(T)/diam(T') T, T eT, TNT # @} < 2. (4)

Now consider the situation in the figure below. We start with To = {[0,1]} and iteratively
mark the leftmost elements (green). After 4 steps, this generates the mesh Ty. Note
that the boundedness (4) holds, since each element is half the size of its right neighbour.
Next, we mark the second element from the left in T,. To ensure the boundedness (4),
each element which is located right of the marked element has to be refined. In this case,
the marking of one element forces 4 elements to be refined. Obviously, this example can
be extended to any ¢ € N and thus shows that there are configurations for which holds

1 Tel = [Tooa] > (€ = 1)|My_y].
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Example in 2D: Consider the situation below, where we iteratively mark the rightmost
elements (green). The current labelling of the edges is indicated in blue. After j steps of
refinement, we end up with Ty. Now, we mark the second element from the right. Since
the labelled edges are halved, each element which is located left of the marked element has
to be refined to avoid hanging nodes. The refinement of one marked element generates 12
new elements.
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Remark. The proof of the closure estimate is non-trivial, although it looks quite simple
and natural. As a byproduct, the proof states that our “counterexamples” are artificial
and can only occur finitely often. For newest-vertex bisection, a proof of the three prop-
erties (1)—(3) will be given later. O

Remark. FEssentially, newest-vertex bisection is the only refinement strategy which
satisfies the assumptions (1)—~(3). Red-Green-Blue refinement fails to satisfy the overlay
estimate (2) [Pav10], but satisfies the closure estimate (3). O

2.2. Functional setting. Let X be a normed space and v € X the unknown solution
which we aim to approximate. For 7 € T, let X7 denote a discrete (finite dimensional)
subspace of X with computable discrete solution U € X7

Remark. The goal of this section is to analyze the convergence of the adaptive algorithm
in a completely abstract way. To that end, we do not want to consider a particular model
problem or to make assumptions on how the approrimations are computed. All we need
to know is that there is an exact solution u € X and there exist some computable (no
matter where they come from) approximations Ur. O

Assumption 2. For all T € T and for all € > 0 exists a refinement TeT of T such
that

lu—Uzllx <e,
i.e. uniform mesh-refinement will always lead to convergence.

We start with some facts:

(1) The precise problem formulation is not needed throughout the abstract analysis.

(2) Assumptions on X and X7 can be much weakened to less than quasi-metric spaces
and non-conformity X7 € X and non-nestedness X7 Z A= for refinements TeT
of T €T.

(3) Assumption 2 is necessary, since otherwise one cannot expect that any adaptive
algorithm (or mesh-refinement) will prove successful resp. convergent at all.

(4) In practice, Assumption 2 is proved by use of the Céa lemma and the approxima-
tion properties of the discrete spaces X7, e.g. suppose that X+ C H'(2) consists
of T-piecewise polynomials. Then, there holds for all v € H?(Q)

. 2
Vlen)gT v = Vai) S bl D™ 20,

where h > 0 is the maximal mesh-size of 7. With this, given € > 0 and the exact
solution u € H'(Q), we choose v € H*(Q) with ||u — v||g1 () < € and prove by
use of the Céa lemma

lu = Urllmg) S viél)gT lu =Vl

< i —
< jaf o=Vl +¢

< BID% ] + <.
Choosing ¢, h > 0 sufficiently small, we prove convergence of Uy to u as h — 0.
Note that this technique does not provide any convergence rates.

Before we proceed, we have to agree on some notation for the error estimator. Note
that the structure or type of the estimator is not important. All we need to know is that
the estimator n(-) consists of elementwise contributions

nr(T,V) >0 forall T €T and all V € X7,
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for which we write
nr(T) :=nr(T,Ur) forall T eT

if the discrete solution is used as input. Moreover, the global estimator reads

1/2
(V) = ( S (T, V)2> forall T € T and all V € Xy,

TeT

and again we write
nr:=nr(Ur) forall T €T.

For meshes 7T, generated by the adaptive algorithm, we use the abbreviate notation n,(-) =
nr,(+) and U, = Uy, for the associated quantities.

2.3. First assumptions on estimator. The following assumptions are used throughout
the lecture:
(A1) Stability on non-refined elements: There exists Cgap > 0 such that for re-
finements 7 € T of T € T and all subsets of non-refined elements S C 7T NT
there holds

o\ /2 1/2 R
(S @) = (S @) | < CanllV = Vi

TeS TeS

for all V € X7 and all V € X-.
(A2) Reduction on refined elements: There exists Cieq > 0 and 0 < greq < 1 such
that for all refinements 7 € T of 7 € T there holds

Yo 13T < Grea Y, 7(T)* + Creal|Uz — Url|3.
Te’?\T TeT\?A'

(A3) General quasi-orthogonality: For all ¢ > 0 exists Coin(e) > 0 such that the
adaptive algorithm guarantees

N

> (W = Uelly = ellu = Uillg ) < Comn(e?

k={

for all ¢, N € N with N > ¢. (Recall the abbreviations Uy = Uy, and n, = n7,)
(A4) Reliability: There exists Cyq > 0 such that for all 7 € T there holds

Hu - U’THX < Creln'r'
Remark. Assume nestedness Xy C Xyi1 for all k € Ny. If a(-,-) is the scalar product

on X with induced norm ||v||% = a(v,v), the Galerkin-orthogonality a(u — Uy, V) = 0
for all V€ X1, implies the Pythagoras theorem

lu = Ukall + [1Uksr = Uelly = llu — Ul

This gives
N N
S MUk = Uklz = 3 (lu = Ukl = llu = Ussall}) < llu— Uil < Clm}
k=¢ k=0
i.e. general quasi-orthogonality (A3) with Cory = C2; and € = 0. O
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2.4. Linear convergence of adaptive Algorithm. The following theorem is the main
result of this subsection.

Theorem 3 (R-linear convergence). Under the assumptions (A1)—(A4), there exist con-
stants 0 < Geonv < 1 and Ceony > 0 such that

Nerr < Ceov@oomee for all £,k € N, (5)
i.e. R-linear convergence of the estimator to zero.
Before we come to the proof, we need some preparation.

Lemma 4 (Estimator reduction). The azioms stability (Al) and reduction (A2) imply
the existence of Cest > 0 and 0 < qest < 1 such that

77?+1 < est?p + Cost||Upir — U3 for all £ € N. (6)

Proof. First, we recall the Young inequality: We start with 2ab < a? + b* for all a,b € R.
For all § > 0, we obtain immediately

b
2ab = 2\/561% < §a® + 6718,

and hence
(a+b)?=a*+2ab+b* < (1+0)a®+ (1 +0 1) (7)
Second, the estimator is split into two parts
M= >, D+ > men(T) (8)
Te41\Te TeTer1NTe

For the first sum, we use reduction (A2) and obtain

> (T < grea Y. m(T)? + Creal|Ue1 — Ue||3.
Te41\Te Te\Te+1

For the second sum in (8), we employ stability (A1) and the Young inequality with § > 0
to obtain

1/2 2
S P (X ml@?) + ConllUins — Uil
TeTiNTs TeTiNTs
S@40) > ml(T)+ (140 ) U — Ul
TeTe+1NTe

Plugging the last two estimates into (8), we end up with

Mgy S ea D (T +(1+0) > nlT)*+ ((1+07)Clap, + Crea) [Uesr — Uel[3-

Te€T\Te41 TeT1NTe

With ETG'DHOTZ 77€<T>2 = 77? - ZTG'U\'UH nZ(T)Z and CeS‘E = (1 + 0~ )Ctab + Cred7 we
proceed as

N1 < (L4007 + (grea — (1+6)) D moT)? + Cost||Upsr — Ud|%
TET\Te41

< (4017 + (rea — (1+0)) > 0(T)? + CesilUs 1 — Ul
TeM,
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where we used ¢eq — (1 +9) < 0 and My C T, \ Ty11. Finally, we use Dorfler marking
— Y rem, (T)? < —0n; to conclude

Mepr < (14 007 + (grea — (14 8))007 + Costl|Upir — Udl%
< ((140) + 0(grea — (1+0)))1 + Costl|[Ups1 — Uel3-

We choose § > 0 sufficiently small, such that 0 < es; := (1 + ) + 0(qrea — (1 +9)) =
1 —6(1 — qea) + (1 +6)6 < 1 holds. O

We shall see in the next corollary that in certain situations estimator reduction already
proves convergence Uy — u.

Corollary 5. Let a(-,-) be an elliptic bilinear form on X and assume f € X*. Letu € X
and Ur € X5 for all T € T be the solutions of

a(u,v) = f(v) forallve X,
a(Ur, V)= f(V) forallV € Xr.

Moreover, suppose nestedness Xy C Xyiq for all ¢ € N. Then, the estimator reduction
from Lemma 4 implies estimator convergence limyn, = 0. Reliability (A4) even yields
convergence limy |[|[u — Upl|x = 0.

Proof. We are in the frame of the Lax-Milgram lemma. Hence, each closed subspace
Xy C X admits a unique Galerkin solution U, € X, of

a(Us, V)= f(V) forall Ve X,.
Moreover, the Céa lemma holds

Ju = Ul < Con inf V.

We define X, := Upeny Ar C X. Since Ay C X, there holds
(U, V) =a(u,V)=a(Uy,, V) forall Ve A,.

This shows that U, is also the unique Galerkin approximation to U, in X,. Therefore,
the Céa lemma holds also for U, i.e.

||Uoo - UK”X S CCea Vlg?f(e ||UOO - VH%\’ (9)

For given € > 0, there exists /. € N and V. € A} such that ||Ux — VZ||x < € by definition
of X. Since V. € X, for all £ > (., this together with (9) implies

||UOO - UKHX S CCeaE-

Overall, we thus get lim, ||Us — Usl|x = 0.

With the notation ay := Cegt || U1 —Uy||%, the estimator reduction from Lemma 4 reads
'r]l? 0 < qesml? +ay for all £ € N. We just proved that U, converges and thus is in particular
a Cauchy sequence. This implies oy — 0 as £ — oco. If we can show sup,cy 77 < oo which
is proved below, we get

lim sup 7 11 < Qest limsup n; + lim sup o = lim sup n; 1
¢eN teN ¢eN ¢eN

Since 0 < et < 1, this shows

0 < liminfn? < li 2 _
< lmnto; < lmselelgm ;

and hence lim,_,,, n7 = 0. With reliability (A4), this also yields convergence
lim [|u — Upl|3 < Cra lim 7 = 0.
£—00 £—00
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Altogether, it only remains to show sup,.y 77 < co. By induction on ¢, we see

l
m < qbyme + Y abatag_y for all £ € N, (10)
k=1

For ¢ = 0, the statement reads 12 = 1 and is obviously true. For £ > 0, we have by use
of the estimator reduction (6) and the induction hypothesis

nﬁ <Qestng 1+O[g 1 < qestn0+ZQest Qp—1 + 1.
k=1

This proves (10), and we conclude

07 < ey + (1= Gest) ™" SUD @ < 00
kEN

and hence sup,cy 77 < 0. g

Lemma 6. The following statements are pairwise equivalent:

(i) summability:

Y i <Cip; o for all € € Ny, (11)
k=(+1

(ii) inverse summability: for all s > 0 there ezists Cy = Cy(s) > 0 such that

/—1
St < Con M forall £ €N, (12)
k=0

(iii) R-linear convergence: there exists 0 < g3 < 1 such that
Nevr < Csqsm;  for all £,k € Ny. (13)

Proof. (iii) = (i): We start with R-linear convergence (13). By use of the convergence
of the geometric series, we see

Z M = ka = Cs(zqg)m < Cy;,
k=(+1 k=1
where C; = C3 332, ¢5 < oo. This shows (i).
(iii) = (ii): From (13), we get
ne < OGSOy for all k0 € Ny and all s > 0,
and hence

e < O VeI GRIC s for all k€ € N with € > k and all s > 0.

This proves

1
Zn s < cy 1/(zs)<Zq(z—k)/@s))w—us < 0277;1/5’
k=0

where C’?)_l/(%) S qég_k)/(%) < Cy = 03_1/(25) al qg/(%) < 00. This shows (ii).

(i) = (iii): We assume summability (11). There holds

(14 C;t an< an+77z Zn/’%
)

k=0+1 k=(+1
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With g3 := (1 +C7 ')~ we see
Z M < 0 an
k=(+1
By induction on 7, this yields
My < D MSay = q§< > i +n?> < @(Cr+ 1}
=0+ k=t k=41

This proves (iii) with C3 = C} + 1.
(ii) = (iii): We assume (12). Basically, we repeat the arguments of the previous
step. There holds

¢
1/s —1/s —1/s
(1+Cy" an/ <Zn T =Y
k=0
With g5 := (1 +Cy 1)1, we see
= Ly
an SCEZW
k=0 k=0

By induction, we obtain
Y 1 Y A+ Ly v 1 ) Ly
My SZ% Si]%fZ% :qg( Z le "‘ g )§§§(02+ )77£+]-
k=0 k=0
Taking the equation to the power of —2s, we end up with
My < (Co + 1)%q5™ 1.

This shows (iii) with g3 = g2* and C3 = (Cy + 1) . O

With the collected ingredients, we are able to prove the first convergence result, which

actually contains any information about the speed of convergence. The following propo-
sition contains also the result of Theorem 3.

Proposition 7. There hold the following statements:

(i) Result of Theorem 3: The estimator reduction (6), reliability (A4), and general
quasi-orthogonality (A3) imply R-linear convergence

n?M < Cconvqfonvng for all ¢,k € N. (14)

(ii) Conwversely, reliability (A4) and R-linear convergence (14) imply general quasi-
orthogonality (A3) with Gorgn = 0.

Proof of (7). We use (11) and reliability (A4)

N N
S Uk = Uellk <23 (lu = Usall} + llu — Uel%)
k=t k=t

N+1
<43 flu-Ul%
k=¢
N+1
S 4Cre1 Z 77]3 S 4Cyre1<1 + 01)77?
k=t

This proves general quasi-orthogonality (A3) with Copyp = 4Cha(1+C1) and gopen = 0. O
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Proof of (i). We prove (11) and use Lemma 6 to obtain (14). With the estimator reduc-
tion (6) and reliability (A4), we get

N
Yom<

(qestm_1 + Cest|Ux — Ur1][%)

M= £0=

k=(+1 k 1
< 3 ((gos+ Oy + et (1Uk = Ul = €I )
k=(+1
N
< 2 (G + 8y + Con(I1Ue = Uit} = 5CRICE u — Ui a3 )
k=(+1

Next, we choose sufficiently small § < 1— ge and sufficiently small ¢ < §C.;{ C-.f. Hence,
we may use the general quasi-orthogonality (A3) and obtain

N N
Z 7713 < <Qest + 5) Z 77]371 + CestCorth<€)nl?'
k=041 k=£+1

We rearrange the equation as

N
(1 — Gorth — 5) Z 7]]% S <Qest + 5)”[? + CestCorth<€)n?-
k=¢+1

This proves (11) with C7 = (gest + J + CestCortn(€))/(1 — gorgn — d). Finally, Lemma 6
implies (14). O

So far, we introduced four axioms (A1)—(A4) and proved
(A1)-(A4) = R-linear convergence (14).

Recall that the proof is split into two major substeps:

(1) Stability (A1) and reduction (A2) imply the estimator reduction (6).
(2) Estimator reduction (6) combined with the general quasi-orthogonality (A3) and
reliability (A4) imply R-linear convergence (14).

Note that the assumptions on the mesh-refinement have not been used, yet. Our next
goal will be to improve on the R-linear convergence and show quasi-optimal convergence
rates.

2.5. Optimal convergence rates for the estimator. The fundamental question of
the section is if one can prove that the estimator 7(-) converges to zero with algebraic
convergence rates, i.e. if there exist constants s, C' > 0 such that there holds

ne < C(|Tg|)~* for all £ € Ny. (15)

In this case, we say that 7, converges to zero with a rate of N7°. The question is
interesting for a reason. Given any numerical example: If we plot the error and the
estimator over the number of elements in a graph with logarithmic scaling, we observe

something like this:
9



-
o
[N
T

estimator, error

estimator %) AR

10°F @—© error N 1

il " " PR | " " PR | " " PR | ]

10° 10' 10° 10
number of elements

Here, the error estimator 7, is shown in green, whereas the error ||u — Uy||x is shown
in red. The estimate (15) formulates the fact, that the error estimator converges to zero
at least as fast as a certain line with slope —s (dashed black line in the figure above).
This has been observed in practical experiments since more than 20 years. However, first
proofs became available not before 2004.

In this frame, the natural question is:

What is the largest possible s > 0 such that (15) still holds true?

To answer that, we first have to study which rate would be achievable if we could choose
the best possible meshes in each step. (Note that in (15), the meshes are chosen by the
adaptive algorithm and at this point, we do not know if they are optimal in any sense.)
To that end, we define the approximation class B, for all s > 0:

ueB, <L |

= + sup min (N° < 00, 16
Bs -= TITo NEI;TGT(N)( nr) (16)

where T(N) := {T eT : |T|—|To| < N}. If u € B for some s > 0, the definition of B
implies that there exists a sequence of meshes 7y, ¢ € N and a constant C' > 0 such that

Nz < C(|Te| = |To]) ™% for all £ € Ny. (17)

Note that we cannot compute ’7} and that we do not even know if ’EH is a refinement of

T

Definition 8. The adaptive algorithm is optimal if for all s > 0, there exists a constant
Copt > 0 such that there holds

uweB, <<  n < Cop(|Te| —|To])™* foralll eN. (18)

Note carefully the difference to the definition of B in (16) and the interpretation (17).
Here, we want the meshes T, generated by the adaptive algorithm to reveal a certain
convergence rate, whereas in (17), theoretically chosen optimal meshes T show the con-
vergence rate.
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Lemma 9. There holds the <=-implication of (18), i.e.
Ne < Copt(|Te| = |Tol)™° foralll eN — wueB; (19)
for all s > 0.

Proof. Let N > Ny := |T1| — |To|. For each N > Ny, we choose £ = ((N) € N\ {0}
maximal such that |7, — |75] < N. Obviously, there holds |T;11| — |7o] > N and since
each refined element is split into a bounded number of sons (1b), we see N < |Tpy1|—|To| <
Csons|Te| — |To| for all £ € N. With this, we get

Csons|7z‘ - |76|)S
| Tel = 7ol '

nZNS S Copt<
This shows

in (N*n7) < N® in (N*
sup min (N'n7) < sup (N'm)) +  max, _min (Nnr)

max min (N? < 0.
0<N§N0T€T(N)( )

C1sons|72(N)| - |76|>s
| Tew)| = [Tol

The boundedness holds since the second term is the maximum of a finite set and

Csons‘n(N)|_|76| ¢ (Csons_1)|76‘ =S
o Te | = 7o ) o)

This shows u € B;,. O

< (
N>No

< c;,f;s+(

N>N

To prove the =>-implication of (18), we have to work harder. The concept of proof goes
back to STEVENSON (2007) [Ste07] and, it has been simplified by CASCON-KREUZER-
NOCHETTO-SIEBERT (2008) [CKNS08]. They considered a so-called total-error quantity
for the definition of the approximation class. The drawback of this approach is, that it
is well-designed for a particular model problem, but rather hard to generalize. We fol-
low the equivalent approach of AURADA-FEISCHL-KEMETMULLER-PAGE-PRAETORIUS
(2013) [AFK*13] which works with the estimator only.

Either of the approaches needs an additional axiom for the error estimator.

(A5) Discrete reliability: For all ¢ > 0, there exist constants Cyrei(€), Crer(€) > 0
such that for all refinements 7 € T of T € T there exists a subset R(e; T,7T) C T

with
Uz — Urll} < enr+ Caa(e)® > R nr(T)%.
TER(e;T,T)
as well as
T\T CR(T,T) and |[R(e;T,T)| < Cret(e)|T\ T (20)

Remark. Basically, (20) states that R(e;T,T) is close to the set of refined elements
T\ T. In practical examples R(e; T, '7_) is T\ T plus possibly a certain fixed number
of element layers. In the figure below, we show a typical example. The set of refined
elements is marked in green, whereas the set R(e, T, ’7-) is the union of the elements in

red and green. The number of extra layers may depend on .
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In, this example, |R(e; T, T)| seems to be much larger than |T \ T|. However, ~v-shape
reqularity guarantees that the element layers have essentially the same number of elements

as [T\ T|.
The formulation with ¢ = 0 goes back to [Ste07] whereas the generalization (A5) is
motivated from [BDK12] and firstly introduced in [CFPP14]. O

We start with a simple observation

Lemma 10. Discrete reliability (A5) implies reliability (A4) with Crq = inf.so(e +
Cdre1(€>2)1/2-

Proof. Assumption 2 states that for all 7 € T and for all § > 0 exists a refinement TeT
of T such that

|u—Uzllx < 0.
For given 7 € T and 6 > 0 choose T € T as above. Then, by use of discrete reliabil-
ity (Ab)
lu—Urllx < |lu—Uszllx + Uz — Urllx

1/2
<o+ (engr + Cara(e)? D UT(T)2)
TER(&;TJA’)

1/2
S o + (5773‘ + C’drel(g)2 Z nT(T)2> :
TeT

Since d,e > 0 are arbitrary, we get
.~ Urlly < inf(e + Cara()?) 27
This concludes the proof. U

The next proposition can be interpreted as follows: So far, we have seen that Doérfler
marking in the adaptive algorithm implies R-linear convergence (14) of n(-). The next
proposition shows that if you already know that there holds R-linear convergence, Dorfler
marking holds after finitely many steps, independently of how the meshes were refined.
In other words, Dorfler marking is not only sufficient for R-linear convergence, it is in
some sense even necessary.
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Proposition 11 (Optimality of Dérfler marking). Let n(-) satisfy stability (Al) and
discrete reliability (Ab). Define

—C?% ¢
0, :=su stab 21
5>IC? 1+ Cstabcdrel( ) ( )
Then, there holds 0 < 0, < 1. MoreoAver, for all 0 < 6y < 0, there exists 0 < gy < 1 and
go > 0 such that for all refinements T € T of T € T the following implication is true
o <aqnr = Onr< > ar(T)? forall0 <6 <6 (22)
R(ao;TﬂA’)

Proof. By definition, there holds 6, < 1 and since 1 — C2,,¢ > 0 for sufficiently small
€ > 0, there also holds 6, > 0.

To prove (22), we work with the free parameters g, co which are fixed later. With
9 > 0 and stability (A1), the Young inequality (7) gives

F= > (D + Y ur(T)

TeT\T TeTrﬂA’
> (1) + ) > (1) + (146 H)CENUz — Ur|3
TeT\T TeTNT
We use T\ T C R(eo; T, T) to get
< >, (TP +(140) > 0T 1+ 0 HCLUz = Urll%.
TeR(e0;T,T) TeTNT

With 7]2? < qon%, there holds
< > (TP (L +0)nE + (1+ 6 ) CaulIUz = Urll%
TER(EQ;T,%)
< > (M) (L4 )gony + (14067 1U7 = Urlx.

TER(EQ;T,%)
Finally, by use of discrete reliability (A5), we end up with
< (1+ (1 4+07)C0Caale0)?) D nr(D)* + (1+8)gons + (1 + 0 )Clupcont

TeR(ao;Tﬁ\’)

which can be rearranged to

1— (140 )Chme0 — (L+0)a0 5 ’
a Ny < nr(T)" 23
1+ (1 + 6 )Csmbcdrel(go)Q 7 672(%0:;7',%) ( ) ( )

For arbitrary 0 < 6y < 6,, choose €9 > 0 such that

0, 1 — Cianeo < sup — Caant
ST 2 Caralzo ~ S0 11 Cstabcdrel( )?
Next, choose § > 0 sufficiently large such that
1—(1+6YH02%,60 1—-C2 e
1+ (146 1HC2,,Carei(0)?2 14 C2,, Carar(g0)?
Finally, choose gy > 0 such that
1—(1408)g — (1+01HC2, 50 1—(1461C3, 00
14+ (146 1HC2,,Carel(€0)? 14+ (1+61C2,,Care(€0)?
13

=0,.

Oy <

Oy =




With this, (23) becomes
bonr < > (D),
TER(20:T,T)

and the claim follows. O

The next theorem is the main result of this section.

Theorem 12 (Optimal convergence of adaptive algorithm). Let n(-) satisfy stability (A1),
reduction (A2), general quasi-orthogonality (A3), reliability (A4), and discrete reliabil-
ity (A5). Let 0 < 0 < 6,, where 6, is defined in (21). Then, it holds for all s > 0:

weB, <= < Con(|Te| —|Tol)™" foralll eN, (24)
i.e. the adaptive algorithm is optimal in the sense of Definition 8.

Recall the previous steps of proof:

e The axioms (Al)—(A4) prove R-linear convergence (14).
e The axioms (A1) and (Ab) prove the optimality of the Dérfler marking in Propo-
sition 11.

In the following, we will also employ the assumptions on the mesh-refinement to establish
a connection between convergence speed and number of refined elements.

First, we prove a quasi-monotonicity property of the error estimator. Recall that the
Céa lemma and the nestedness X7+ C X,? for 7 € T a refinement of 7 € T imply
|[u = Uz||x < Ceeallu — Ur||x, which is the analogue quasi-monotonicity of the error.

Lemma 13. Let n(-) satisfy stability (A1), reduction (A2), and discrete reliability (A5).

Then, n(+) is quasi-monotone, i.e. it exists Cpon > 0 such that for all refinements TeT
of T € T there holds

15 < Cruon]7- (25)
Proof. Similarly to the proof of Lemma 4, we split the estimator into two parts.
. TP+ Y 0D (26)
TeT\T TeTNT
For the first term on the right-hand side, we employ reduction (A2) to see
Z 7)?( <Qred Z TIT +Cred||U _UTHX
TeT\T TeT\T

For the second term on the right-hand side of (26), we use stability (A1) and Young’s
inequality (7) for 6 > 0
> nx(T)? < (1+9) Z nr(T)? + (140 Co |1 Uz — Url[3.
TeTNT TeTNT
Plugging everything together, we see

M2 < (Grea + (14 0))17 + (Crea + (14 07O Uz = U3
14



Finally, we choose some ¢ > 0 and apply discrete reliability (A5) to estimate the last
term

777- <Qred + (1 + 5) (Cred + (1 +0° )Cstab) )
+ (Crea + (1 +0671C%0) Cara(e)® D R nr(T)?
TeR(e;T,T)
< (Grea + (14 8) + (Crea + (14071 CZ0) (Cara (6)? + ) ) 5
With
Conon 1= _inE (dhea + (14 8) & (Cuoa + (14 57)C20) Carale)? +9)),

e>0,0>0

we prove (25). O

Lemma 14. Let n(-) satisfy stability (A1), reduction (A2), and discrete reliability (Ab).
Then, for s > 0 and u € Bs, there holds the following: For all 0 < 8 < 0y, there exists
go > 0 and C' > 0 such that for all meshes T € T there exists a refinement T € T of T
with

R(e0; T, T)| < Cllullg*ny " (27a)

as well as
nr < > ar(D) (27D)
TE’R(EO;T,?)

Proof. Without loss of generality, we may assume ||u|/p, > 0. Otherwise, 7, < ||ul|p, =0
and Lemma 13 implies n7 = 0 for all 7 € T and (27a)—(27b) hold with 7 = T. Let
A= CLtqo with 0 < g < 1 defined in Proposition 11 and set £2 := ApZ. The quasi-
monotonicity from Lemma 13 shows

& < qoy < lull3,.

Step 1: The first statement we want to prove, is the following: For e? := An%, there
exists 7. € T with

N <€ (28a)
T = |To| < 2flullg*e™ 1> (28b)

Basically, this says that if we want the error estimator to be smaller than ¢, we have
to pay with e /% elements if we choose the optimal mesh 7. To see this statement, let
N € N be minimal with N=%||u|lp, < e. For N = 1, we have ||u||p, = ¢ and hence

N =1=||uljy ">
For N > 1, minimality of N yields (N — 1)~*||u||p, > € and hence
N <2(N —1) < 2jullg/*eV>.

Here, we used N < 2(NN — 1) which holds for all N > 1. Next, we choose 7. € T(N) such
that

= min
NT. TET(N) nr-

By definition of the approximation class (16) and the choice of N € N

n7. < N7%ulls, <e.
15



Step 2: We consider the overlay T := T ® T2 € T (cf. (2)). Since T is a refinement of
72, we may employ quasi-monotonicity (25) of 7(-) to see

77,%\— S Cmonn% S C111101162 = CJOU’QP (29)

by definition of € > 0.
Step 3: Finally, we employ the assumptions on the refinement strategy. First, we use
the overlay estimate (2) as well as the result (28) from Step 1 and obtain

T = 1T < (T +1T] = [Tol) = 1T] = |2 = | Tol < 2|julls ™
Second, the discrete reliability (A5) and (1a) show for all g > 0
[R(e0: T, T)| < Cret T\ T1 < Crea (I T — [ T)-
Altogether, we have
R(e0: T T)| < 2Cerfulls’e™* < 22,

which proves (27a) with C' = QCrefHqu/s ~1/(25) The estimate (29) allows to apply (22).
This yields

onr< > (1)
TER(e0;T,T)

and concludes the proof. O
With all preparations made, the proof of our main theorem is peanuts.

Proof of Theorem 12. Let u € B, for some s > 0 and let £ € N. We apply Lemma 14
to choose a refinement 7 € T of 7, which satisfies (27) for 7 = T;. According to (27b),
the set R(eo; Te, T) satisfies the Dorfler marking. Since we chose M, in the adaptive

algorithm to be a set of minimal cardinality to satisfy the Dorfler marking, this together
with (27a) yields

1/s —1/s
Ml < [R(e0; Te, T)| < Cllulli"ng”"
With the closure estimate (3), we conclude
-1 y Ly
17el = 170l < Coesn D [M;] < Cllullg 5277 "
=0
R-linear convergence (14) and its equivalent formulation (12) thus show

1/s —1/s
B/SW/

|7l = |To| < CoCllu

Put differently, we have
e < Copt(|Tel = |Tol) ",
where Copy := C5C*||u||,. This proves the =-implication of (24). The <=-implication

has already been proved in Lemma 9. O
16




2.6. Characterization of the approximation class. So far, we have characterized
optimal convergence of the estimator with the approximation class B from (16). On the
one hand, this is very natural, since the adaptive algorithm has no other information
than the error estimator to steer the mesh-refinement. On the other hand, however, we
are interested in optimal convergence rates of the error ||u — Uy||x instead of the error
estimator. To that end, define the approximation class A for all s > 0

ued, <= |y

= u—U in (N*|u—Urllx) <oco. (30
b= llu = Up L+ sup_min (N'llu = Urllx) < oo (30)

Moreover, one could even consider the approximability of the unknown solution and define
the approximation class A, for all s > 0

ued, — |

i= ]SvlépNTg’}Tl(I]lV) \521\97 (N Hu — V”X) < 00. (31)

We start with some observations which are formulated in the next lemma.
Lemma 15. There hold (i)-(iii):

(i) For all s > 0, we have A, C A,.
(ii) Under reliability (A4), it holds Bs C Ay for all s > 0.

(iii) Under the Céa lemma

lu = Urllx < Coea i [lu — Vi (32)

with Ceen > 0 independent of T € T, it holds A, = A, for all s > 0.
Proof. To prove (i), we suppose u € A;. With
. B <l —
Jnin lu—=Vl]x <|lu—Urllx forallT €T

we get [[ul|z < |lulla, < oo and hence u € A,. To prove (iii), we use the Céa lemma (32)
to show [lul[z > Cg », and hence A, C A,. Finally, to see (i), we use reliability (A4)

a|
cea

|ul
= i NS —_ U < Cre i NS — Cre .
lulls, = sup_min (N*llu = Urllx) < Ceasup_min (Nn7) = Cralluls.

This shows B, C A, and concludes the proof. O

The interesting question now is: What do we need to show A, = B, or even As = B,
for all s > 0. In other words, under which assumptions will the adaptive algorithm lead
to optimal convergence rates for the error. The answer is the final axiom:

(A6) Efficiency: There exists a constant Ceg > 0 and for all 7 € T exists a mapping

oscr(+) : X(T) — R such that
Cainy < llu—Urll5 + oser(Ur)?.

To abbreviate the notation, we write oscy = oscr(Ur).

Remark. For the Poisson model problem
—Au=f 1inQ,
we shall see that efficiency (A6) follows from inverse estimates with

oscr = ||hr(f = fr)ll2),

where fr € PI(T) is a T -elementwise polynomial best-approximation of f with arbitrary
but fixed polynomial degree q > 0. In this case, oscr depends only on the smoothness of
the data and measures how good the data f is resolved on a given mesh T € T. A special
case is when f itself is T -elementwise polynomial. Then, we have osct = 0. O

17



Lemma 16. Suppose that n(-) satisfies efficiency (A6). Then, there holds (1)-(ii):
(i) Under reliability (A4) and oscr < Coseniy for all T € T, it holds

1/2
ueB, <= HUH@ = sup min Ns(Hu_UTHgg—l—oscgr)/ < o,
° NeNTET

(N)
(ii) Suppose that additionally the Céa lemma (32) and the stability
Closer(V)2 <oscr(W)2+ |V —WI3 forall VW € Xy and all T €T (33)

OSsC

hold. Then, it follows
L . . s 2 2 1/2
weB, = ful = s min min N*(fu = VI3 +oser(V)?) T < oc.
Proof. We start with (i): All we have to show is that [jullp, < oo <= [Ju|z, < oo
which is particularly true, if C~'||ullg, < [Jullg, < C|lul, for some constant C' > 0. By
assumption we have oscr < Cusr and together with reliability (A4), this yields

lullg, < (Cowe + Cot)?lu

osc rel

Bs-

Efficiency shows

Bs S CeffHu

[|u B,

and concludes the proof of (i). To prove (ii), we first observe

< (C2 4 C2 )Y

Bs — osc rel

lulls < Jlu
To see the converse estimate, let V' € X7. With (33)

osct < C2 osor(V)? + C,|Ur — V2.
For the last term, we apply the Young inequality (7) with § = 1 to see
oser (V) + 205 (I = Ur[l3 + [lu = VI[%).
This together with the Céa lemma (32) shows

2 2
oscr < C

— osc

||U - UT||2X + OSC2 < C(?SCOSCT(V)Q + 3Cgsc||u - UT||2X + 2th%scHu - VH?\?
< Coser(V)? + (3CL.C2, + 205 ) lu = V3.

Since V € X7 is arbitrary, we get with C' = 3C2_C2, + 2C?

OSC — cea osc

< Clrlllu = Urlly + 0s¢f) < CanC inf (= Vi +oser(V)?)
eXr

and hence ||ullp, < CeaClullz . O

Remark. The approximation class ﬁs is usually found in the literature, e.g. Stevenson
(2007), Cascon-Kreuzer-Nochetto-Siebert, and additionally 6, usually hinges also on Ceg.
Our approach considers the more general approximation class By, and 0, is independent
Of Ceff. U
Next, we want to characterize the approximation class B, in terms of the Galerkin
error only. To that end, we need to quantify the quality of the oscillation term osc(:).

We define
ueO, <& |ullg, :=oscr + sup _min (N®oscr) < oo. (34)

NeNTET(N)
18



Proposition 17. Assume reliability (A4), efficiency (A6) and quasi-monotonicity of
oscillations aAnd error in the sense that there exists a constant Chon > 0 such that for all
refinements T € T of all T € T holds
08¢z < Cron0Ser, (35a)
[u—Uszllx < Cronllu — Uzl (35b)
Then, there holds (i)—(ii).
(i) u € Ay andu € Oy = u € B,
(ii)) u € By and oscy < Cosenpy for all T € T — u € QO and u € A

Proof. (ii): The statement follows from the definition of the approximation classes A, By, O,
and efficiency (A6).
(i): Let N € N be even. The definition of A; and O, provides meshes 7o, € T(N/2)
and Tose € T(N/2) with
(N/2)°[[u = Ur.ellx < llulla.
(N/Q)SOSC%SC S ||u||©s

Now, we consider the overlay T := Tor @ Tose and employ the overlay estimate (2) to see
|T| < |Terx| + | Tosc| — |To| and hence T € T(N). With efficiency and monotonicity (35),
this implies

N7 < CEN*(|[u — Ur|% + osc?) (36)
< CHC2 N (lu - U, |5 + oscZ, ) (37)
< CCoon® ([ully, + Ilull3,). (38)

Altogether, we show

lulls, <M+ sup min N°nyr+ sup min N°pr
N TET(N)

even T€T N uneven 7 €T(N)

N S
< in N°® _— ] N —1)° i
St swp min Nt s () min (V1) + min

< + (1 +2°%) su min N°npr- 4+ min < 00
< +( )Nefinfemzv) nr - min nr

since the second term is bounded in (36) and the third term is a minimum over a finite
set. U

To conclude the section, we provide an overview of the optimality proof in form of a
roadmap in Figure 1.

3. VERIFICATION OF THE AXIOMS

The goal of this section is to verify the introduced axioms (A1)-(A6) for a certain
model problem.

3.1. Model problem. We consider a general second-order linear elliptic PDE in diver-
gence form

Lu = —div(AVu) +b-Vu+cu=f inQ, (39a)
u=0 onlI :=00Q. (39b)

We pose the following regularity assumptions on the coefficients. A(x) € ngxrff is a

symmetric matrix with A € WH>(Q). The vector b € R? satisfies b € L>(Q) and the
19



[ Reduction (A2) |[—

Estimator reduction
(Lemma 4)

— [ Convergence of n(T¢; U(Te))

v

[ Convergence of U(7p)

—

Stability (A1) I/

[ Reliability (A4)

Dérfler marking of (T U(T2)) (Proposition 7) —[ Quasi-orthogonality (A3)

(Proposition 11)

[ Discrete reliability (A5) -~ \ / / Closure (

Optimal Convergence

y(ﬁ; U(Te)) (Theorem 12)

{ Oifiivaliigy o ] [ R- hnear convergence

[ Efficiency (A6) Overlay (2)

FIGURE 1. Map of the quasi-optimality proof.

scalar ¢ € R satisfies also ¢ € L>(2). The operator L is interpreted in its weak form and
defines a bilinear form

b(u,v) = (Lu, v) = /QA(:U)Vu(x) -Vo(z) + b(z) - Vu(z) v(z) + c(z)u(z) v(z) d.

The Cauchy-Schwartz inequality shows immediately the continuity of b(-, -). There holds
for all v,w € H'(Q)

b(v,w) < ([ Al oo + [Bllzoo) + llellzoo) [0l m@llwlm@)-
Additionally, we assume ellipticity of b(-,-) on HJ () in the sense
b(v,v) > Canl|v||7n () for all v € Hy(€). (40)
Remark. The assumption (40) can be guaranteed e.g. if ¢ > 0 and the smallest eigen-

value AM(z) € R of A(x) is bounded from zero since then there holds with the Young
inequality and the Friedrich’s inequality

b(v, v >/ 2)|Vo(z)]? — [b(z)||Vo(z)| v(z) dz
> / 2)2/2)|Vo(@)? = v(z)?/2do
> (mf< (x) = B(x)*/2) = Ce()/2) | Vell32(0).
]

The problem fits into the framework of the Lax-Milgram lemma. We choose piecewise

polynomial ansatz spaces X7 := S{(T) for all T € T and define the weighted residual
20



error estimator for all T € 7, all T € T, and all V € S§(T)

nr(T, V)= [T f + divAVYV = b VV = cV|[2aq) + [T1V[AVV - 0]|[72o700)-
(41)

The first term measures the so-called volume residual, whereas the second term measures
the so-called normal jumps.

3.2. Shape regularity.

Definition 18. A triangulation T is reqular (or: conforming) if

o T is a finite set of compact simplices T C R4

® Urer T' =0
o ForallT,T" € T withT # T" holds
-TNT =10

— TNT" is some (d — k) dimensional hyperface for k=1,...,d
x node ford —k =0
x edge ford — k=1
x face ford —k =2

*x etc.

Definition 19. A triangulation T is ~y-shape regular (or: locally v-quasi uniform) if T
is reqular in the sense of Definition 18 and

max — < v (42)

with hy = diam(7T’) := max, yer | — y|, and |T| = [ 1dx, where dx denotes the surface
measure.

Example 20. Consider the mesh T := {T.} with T. C R? the triangle which is defined
by the nodes (0,0), (1,0),(0,) € R%. There holds
hy, 1

|T|—%—>ooasz—:—>0.

Remark. Note that each triangulation T which consists of non-degenerate simplices is
~-shape regular, since the maximum in (42) is taken over a finite set. However, the notion
of v-shape regularity is of importance if one considers a sequence of meshes (T;)een. Then,
~v-shape regularity of (T¢)een ensures that the simplices to not degenerate as £ — oco. [

Lemma 21. Let T denote a y-shape reqular triangulation. ForT' € T, define the patch
wr ::U{T’ eT : TﬂT’#(Z)} C R?. Then,

hy = diam(7T) < diam(wy) < C(y)hr
and the number of elements T" € T with T" C wr is bounded by C(y) > 0.
Proof. T.B.D. O

The result of the following lemma is that each simplex can be transformed to a reference
simplex by an affine function.

Lemma 22. Let T := conv{z,...,zq}

T denote a d-dimensional simplex and let T denote a ~y-shape reqular triangulation.
21



Define the reference element T := textconv{0, ey, ..., eq}, where e; € RY denotes the i-th
unit vector. Define the function

Op: T =T, ®p(x):=z2+4 Bxr with B:= (21 — 20, ..., 24 — 2) € R™*?
Then, there holds (i)—(iii)
(i) |detB| = :—%‘ ~ |T| ~ h,
(i) |1Bllr ~ h,
(iif) [|B~|F ~ A7,
where the hidden constants depend on v and the dimension d only.

Proof. There holds 0;®7(z) = 2z; — z9. Hence, the Jacobian of &7 reads D® = B. With
this and integration by substitution, we obtain

7| :/ ldx:/A1|detD<I>T|dx: |detB|/A1dx: et B||T),
T T T

where the volume |T'| depends only on the dimension d. Moreover, we know that |z—z| <
hr for all i = 1,...,d. Therefore,

d
IBIE =>_ |2 — 2f* < dh7.
i=1
The proof of (iii) is rather technical for d > 2 and therefore only presented for d = 2. In

this case, we have
pa_(a b\ __ 1 (d -b
\cd detB\ —¢ a )’

1 hr
— ||Bll» ~ L
aets 1Bl IT|

and hence

1B~ |r = ~ hy'.

t

3.3. Scaling arguments. This section consists of several technical, but very useful re-
sults. The following lemma is an implication of integration by substitution and Lemma 22.

Lemma 23 (Transformation formula). Let f, T C R? denote Lipschitz domains and let
®(x) := Bx +y define a mapping with reqular B € R™? y € R, and ®(T) = T. Then,
forwe H™(T), it holds

~

wo® € H™(T) with |[D™(wo ®)| .z < |detBI™Y2| B[ D™ul|y2(ry.

HL?(?

Proposition 24 (Poincaré estimate). Let T denote a vy-shape regular triangulation.
Given T € T, let w € HYT) with integral mean U = |T|™' [pudx. Then, there ex-
ists a constant Cp. > 0 which does not depend onT' and u such that

s =l 2r) < Cpehirll Verll 2o (43)

Proof. On the reference element, there holds according to the PDE lecture (Poincaré
inequality) for all u € H'(T')

Now, we choose 14 := u o &7, where & is defined in Lemma 22. There holds
T _
7= \T|*1/ ud:c|T\’1/Aﬁ|deth)T|da:: AR /Aﬁda::ﬁ.
T T |'T'| JT
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Let w =u — 7 and @ = w o ®7 as well as w = @ o ®;'. Note that ®(x) = Br +y and
®,! is also an affine function with linear part B~'. Therefore, we may apply Lemma 23
with w and @, to obtain

lu =l oy = [det B2 i = @l oz
< Cldet B~ 72|V a5
< C|det B77Y2|det B| ™2 || B|| p|| V|| 2
= O||B|l [Vl cagr-
With Lemma 22, we conclude the proof. O

Lemma 25. Let X' denote a finite dimensional vector space with seminorms |- |1, |- |2 :
X = R, i.e. fori=1,2 there holds

IAl|v]; = |Mv|; for all X € R and allv € X,
v+ wl|; <|v|; + |w|; forallv,w e X.

Then, (i)—(ii) are equivalent

(i) There exists C' > 0 such for all v € X holds |v|; < Clvls

(ii) {UEX : |v\1:0}2{v6X : \v|2:0}
Proof. The implication (i) == (¢i) is trivial. It remains to prove (ii) = (i). Let
|-] : & = R denote a seminorm and let ) C X be a subspace with ) D {v eX |y = O}.
Then, on the factor space X /), define

v+ V|xsy = ireljf)\v+y| forallv+)Y e X/).
Y
We will check that |- |x/y is a norm. First, homogeneity follows since \Y = Y and
A = |\ = inf |\ = inf |\ =|A .
AV + D)y = [Av+ Vayy = Inf Ao +y| = il [A(v +y)] = [Nl + V]
Second, we prove the triangle inequality

= inf = inf inf
v+ Y +w+V|xy ;2y|v+w+y\ yllréyygréy|v+w+y1+y2|

< inf |[v+w+y| + inf |v+ w+ Yo
ney Yy2€Y

= v+ V] + [0+ V]xy
Third, definiteness follows since ) contains the kernel of the seminorm, i.e. [v+Y|x/y = 0
implies the existence of y € ) with |v + y| = 0. This shows v + y € ) and particularly
implies v € Y. Therefore v +)Y =Y =0in X /).

We define Y := {v ceX v = O} and obtain that |-|; x/y defines a norm on X’/) for
i = 1,2. Since X'/} is finite dimensional, all norms are equivalent, and we obtain that
there exists a constant C' > 0 such that for all v € X
ol = ol < Clolaseyy < Clela

This concludes the proof. O

Remark. Suppose a triangulation T . With the previous result, we are able to prove
HVVHLQ(Q) < C”V”L2(Q) fOT’ allV € «Sp(T),

since the vector space X = SP(T) is finite dimensional and both sides of the inequality

define seminorms. However, the constant C may depend on the dimension of SP(T) and
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therefore depends on |T|. As a result, we cannot guarantee that C' remains bounded if
|T| = oo. To fix this issue, we will employ scaling arguments in the following. O

Proposition 26 (Inverse estimate). Suppose a ~y-shape regular triangulation T, a poly-
nomial degree p > 1, as well as integers m,n € N with n < m. Then, there exists a

constant Cie > 0 such that for all T € T all a € R and all V € SP(T) holds

|7 "DV |27y < Crel|[B3-D"V || 2. (44)
Particularly, this implies

1R~ D™ V| 2@y < Ciell b7 D™V | 120 (45)
The constant Ci, depends only on p,m,n and 7.
Proof. First, we prove (44) on the reference element. According to Lemma 25, there holds

1DVl oz < CID"V]| oz for all Ve SP(T).

Second, we transfer the result to 7 € T. Let V € S?(T) and define V := V o & with
®r(z) = Br + y from Lemma 23. We also have V =V o ®;'. Lemma 23 states
1DV |2y = ID™(V 0 @3 12z) < |det B~ T2 B7HEFID™ V|l o
as well as
1D V|| 27y < [det Bl B 5| D"V |2y
Plugging everything together, we end up with
1DV |2y < CIBHEIBIEID™V | L2y
Lemma 22 shows that ||B||r =~ hy and |B7!||r ~ hy'. We multiply by h$ to obtain (44).
To prove (45), we sum over all elements, i.e.

[RF" D™V |[Tay = Y W D™V |22

TeT
< C? Y WG D™V | 32ry = [|B5-D"V ||72(0

TeT

This concludes the proof. O

3.4. Trace inequality. We start with an auxiliary result

Lemma 27 (Trace identity). Suppose a non-degenerate simplex T = conv{zo, ..., 24} C
R, Let E = conv{z,...,zq} denote a hyperface of T (Note that the permutation of
20, - - -, 2q does not affect T'). Then, there holds

1 1 11
— . (). 4
|E|/Ewd |T|/wdx+d|T| (x — 29) - Vw(z)dx  for allw e W (T). (46)

Proof. Define the function f(z) := w(x)(z — 29). Then, there holds
d

divf(z Z@ fiz Z ( (x —20); + w(:z:)) = Vuw(z) - (x — z) + dw(z).

With 1ntegrat10n by parts, we obtain from this
d/wder/(x—Zo)-Vw(x)dx:/divfdx:/ f-ndl. (47)
T T T oT
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Consider the unique hyperplane H C R? with £ C H. Next, we aim to prove
(x —2z9) -n=0 forallz € dTl\ E, (48a)
(x — 29) - n = diam(zg, H) forall z € F. (48b)

To see (48a), we observe that © € E' # E for some hyperface of E’ of T'. Since zo # E, it
holds zy € E' and therefore © — zy L n, since n L E. To see (48b), consider the normal
projection g € H of zy onto the hyperplane H along n. The vectors n and zy — zy are
parallel and therefore it holds (xg — 2g) - n = |n||zo — 20| = dist(z, H). Since z,z¢ € H,
there holds x — zg L n and thus

(x — 20) - = (29— 20) -+ (¥ — ) - n = dist(zo, H).
The combination of (47) and (48) shows
d/ wdr + / (x — 20) - Vw(z) de = / w(z)(x — z) -ndl = dist(zo,H)/ wdl
T T or E

Rearrangement of the equation shows

dist(zo, H)|E| 1 1
——— — [ wdl'= / wdr + —= | (x — z) - Vw(z) dz.
dry  |E| /e 7] d|T| Jr
By choosing w = 1, we see that C' := % = 1 and prove the statement. U
Proposition 28 (Trace inequality). Suppose a non-degenerate simplexT = conv{zy,...,zq} C

R Let E = conv{z,...,zq} denote a hyperface of T. Then, there holds for all
ve HYT)

|E|
1ol220m <|T|(|| olfZary + hT||v||L2<T V0l o ) (49)
as well as
|E|
v = vel3am < llv—vrl3am < (C2 + cpc) IVl (50)

where vy := |E|™ [pvdl and vy == |T|™" [y vdz.
Proof. We set w = v? and use the trace identity (46) to obtain

1
v dl = — /v dr+ — [ (v — 2) - 2vVvdz
\E\/ |T\ d|T| Jr ’

2
2 —h 2 \V 2
|T| ” HL (T d|T| THUHL ” UHL (T)

since |x — 29| < hp. Multiplying by |E|, we prove (49). To see (50), we use the best
approximation property of the integral mean, i.e.

v — UEHL?(E) mf v — CH%Q(E) < v - 'UTH%Q(E)

The trace inequality (49) then shows

Bl
7]

Finally, we use the Poincaré estimate (43) to bound the L*-norms with the H'-seminorm.
This results in

L
o= el < ot (o IV ey + 25 Corl V) ).

2
lv — vell2s (Hv vrl|Zaer) + Sl = UT||L2(T>||VUHL2(T))'
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3.5. Axiom (Al): stability. The first axiom is verified for the residual error estimator
()
Proposition 29. The residual error estimator

nr(T V)2 = TP f + divAVV — b VV = eV |20y + [T1VI[AVV - 0] 229700

satisfies the stability axiom (Al): There exists Cyap > 0 such that for refinements TeT
of T € T and all subsets of non-refined elements S C T NT there holds

(S v?) " = (Sowrrve)”

TeS TeS

< CStabH‘? - V”Hl(ﬂ) (51)

forallV € X7 and all Ve X=. The constant Csiap, depends only on the y-shape regularity
of T and T.

Proof. First, note that there holds
nr(T,V) =nz(T,V) forall T€ T NT andall V € S/(S).

Second, to abbreviate notation, define

1/2

IV = < S (T, V)2> for all V € 87(S).

TeS

We may rewrite the left-hand side of (51) as |||V]|| — |||‘A/H|| and thus, by definition of ||| - |,
we get

R ) 1/2
\HIVHI - |||V|||\ = ( > oT) ) ,
TeS
where
a(T) = |TMdivAV(V = V) = b-V(V = V) = c(V = V)|l 22
+ 7MY [AV(V = V) ]|l z2orne)

< (714 (|div AV (V = P)llzzq@) + (Bbllzioy + =) IV = Viimie)
+[T1VE[AV(V = V) - 0]l 12 o100)

(52)

The first term on the right-hand side is further estimated by use of the product rule and
the inverse estimate (44) with m =2,n =1, and a =0

ldivAV(V = D)l < IV Al =@ IV = Dllzee + [Al =@l AV = Pl
< (IV Al @) + Cieh [ All =) IV (V = P 21y

The last term on the right-hand side of (52) is split further

IAV(V = V) -]l Z2gorna) = > IAV(V = V) - n]|[Z2 -

E hyperface of 0T'NQ

Each interior hyperface £ C 97 N (2 is the intersection of two elements Tx1,Tr2 € T
with T NTE o = E as sketched below
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For each hyperface F, this leads to
I[AV(V = V) 0| 2(rpanrsa) < Al (||V(V — Vlr2ome.) + IV(V - ‘7)||L2(6TE,2))-
The trace inequality (46) and the Young inequality show
LAV = V) - )l 2, s

|| ;
< WA oy mas {5 e H(IV OV = ) e

2 ~ N
+ = max{hry,, g IV = Vlaeaora IV = Dl ones

S CHAH%OO(Q) maX{h;E:lJ’ h;El’Q}”V - VH?{I(TE’luTE’Q)7

where C' > 0 depends only on ||hr|[z~@) < diam(Q2) as well as the y-shape regularity
which ensures |E|/|T| ~ h;'. Plugging this into (52), we end up with

oAT) < [T (|[VAl| () + Cichr | All o) IV (V = V)l 22y
+ 1T (1B]| o) + llell @) IV = Vil
+ CV2| Al oo (o TP

~ 1/2
( > max{h};’l, h:?;,Q}HV - VH%JI(TEJUTE,Q)) '

E hyperface of 9T'NQ

The v-shape regularity shows |T| ~ |Tg 1| ~ |Tgs2| (see Lemma 21) and therefore, we
prove

a(T) < (C"+he)|V = V|,

for some constant C’ > 0 which depends only on the v-shape regularity of 7 and 7. We
sum over all T € S to get

VI = VI < (¢ + diam(@)) |V = V|10
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